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The problem of code optimization during compilaticn can 
be approached in different ways. Kildall[6] conducted ап 


analysis of the program structure to produce optinized 


object code during compilation. He utilized a directed 
graph tc represent the progran flow, along with an 
"Optimizing function," an “optimizing pool," and a "meet 
operation." Based con these concepts, his program flow 


analysis algcrithm collected corresponding graph elenents on 
an "investigation list" and processed then those elements 
one at a time. The algorithm, as presented, does not 
Specify a sequence in which these elements are selected from 
the list. This thesis investigates iour selection methods: 
los E in PEESCt Out," "First In First Cut," "Steepest 
Descent," and "Depth First Search," a method developed by 
Ullman[ 3). The convergence rate of the methods is 
evaluated by comparing the number of applications of the 
meet and optimizing operations in a simulated optimizing 


environment. 
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I. INTRODUCTION 


OP gen a — ARK eee eee A A ee ee 


A particular problem with mechanical translation of high 
level languages into machine code is that more efficient 
code can often be written by an assembly level programmer, 
where efficiency is measured in the executior time for the 
program and the amount of memory required. The necessity to 
overcome this shortcoming created the science of code 
optimization. 

The goal of code optimization is to modify the 
representaticn of a given program P intc a machine code 
presenting a program Р! such that the program Р! will 
perform the same function as program P, but is more 
eificient, using less execution time, smaller storage, or 
fewer registers. | 

One gloval optimizing technigue called interval analysis 
(2) partitions the flow graph into subgraphs’ called 


intervals. Each interval then is replaced by a single node 


containing the local optimizing information. The resulting 
graph is partitioned into subgraphs again, and the 
corresponding intervals are replaced by nodes. The 


definiticn of such interval partitions is done until the 
graph becomes a single node itself, at which time global 


informaticn is propagated locally by reversing the reduction 


process. 
Hecht and Ullman [2] presented a simple "pit 
propagaticn algorithn" which uses a special ordering of 


nodes (explained in section III-D) for a reducible craph, 
where a reducible graph is one which can ke reduced ty the 
interval approach from the initial fiow graph to the limit 
flow graph of a single node with no edges. In their 
approach €ach node has an aSsociated bit vector containing 
op imi i ng data: This bit vector is updated during the 


ТОЛОО on or thie утар to the final solution. 





Another approach is done by Kildall [6]. He conducts 
the analysis uSing a program flow analysis algorithm, which 
propagates information along the program flow until all 
required information is collected. This algorithn is 
reviewed in section III-B. The algorithm, as presented, 
does not specify the sequence in which the basic blocks are 
processed. This thesis will investigate some selection 
methods which specify the sequences in which the basic 
blocks are processed. These selection methods are simulated 
and compared with respect to the convergence rate of the 


algorithr. 





11. BACKGROUND 


— w——s 6 — — 


A. DEFINITIONS 


Before reviewing the algorithm[6] it 15 necessary to 
define the fcllowing terms. 

A directed graph is a two tuple GD = (N,A), where "N" is 
a finite set of nodes and "A" is a subset of N x N, called 
"arcs." The arc (X,Y) leaves node X and enters node Y. 
Node X is called a predecessor of node Y and node Y is 
called a successor of node X. 

A path from node B to node C in GD, for B,C in N is 


a 
sequence cf nodes(X ,X .....X ) such that х = В аһа х = с 
1 2 k 1 k 
Ελα νο τα) δι απ are ın A or all i, 1S ai $ k-1 . 
41. τε] 


The length of a path is one less than the nunker or 
nodes in the sequence (k-1 in the above case). ТЕ С cquals 
B the path is called a cycle. 

A pregram flow graph is a triple G = (N,À,E) where N and 
A are аз defined above and where E is a subset of N and 
contains the "entry node(s)," such that given a node nin N 


there exists a Раси ELLEN, where 7 is in E and X 
equals n. 


An optimizing Fool associated with each node in the 
graph jis a set describing the optimizing information 
associated with the particular node in terms of the analysis 
being сспдис ед. For example this set nay сспїазп 
subexpressions as elements, register allocation information, 
ог propagated constant values. 

An input pool is the set of optimizing information 
elements entering a node. 


ο μι πι роой 15 the set ot optimizing information 





elements leaving a node. 

A mest operation is defined which combines two or more 
pools at a ncde, where two or more program paths join. The 
form of the meet operation varies with the type of 
analysis. Formally, the meet operation, denoted by "A", is 
a binary operator which maps E x P into P, where P is the 
set of all optimizing pools. The meet operator has the 
following prcperties: 


For a,t,c in P 


а А а = а (idempotent) 
a À t =b Да (commutative) 
a A(b Ác) = (a Ab) A c (associative) 


The meet operation permits the definition of a partial 
ordering cn the optimizing elements : 

2 b iff a A b = b. 

To Simplify the notation, the form 


ООХ ис пегапей as x Al x ....ьАх. 
1<i<k 1 2 k 


В) 


An optimizing function f taps a given input optimizing 
pool to the cutput pool of the corresponding node which 
contributes to the input pools of the node's immediate 
successors. The function differs with the type of analysis 
being ccnducted. The function, however, must satisfy the 
following hozomorphism condition for Kildall'ts data flow 
analysis algorithm to be applicable : 
f(n,a A b) = fFín,a) A £(n,b) 


for all nodes n in N, and a,b in P. 


À Zero elenent Оле ап element of P satisfyinc the 
conditions 
oAx = O for all X in bP. 
опе сіешепеЕ 11 15 ап element of P satisfying the 
condition 
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1A. xX = X for all X inp. 


B. REVIEW CF KILDALL'S ALGORITHM 


Kildail's program flow analysis algorithm is used in 
order to perform compile time optimization of object code. 
Although the algorithm is optimization independent several 
different useful optimization functions have been applied, 
such as locating redundant computations or register 
operations. in the following paragraphs this  algcrithm 
Will be reviewed, and later will be willustrated by an 
example of common subexpression analysis. fhe algorithm can 
be described in the following way : 

STER 1: Initialize.an investigation list "L" by the entry 
nodes of the program graph along with the corresponding 
optimizing рсс15 "OP." Normally there is only one entry 
node and its optimizing pool 15 empty (initialized to the 
zero element ). 

STEP 2: If the list "L" is empty then halt. All nodes of 
the. graph have been processed (at. least once) and the 
optimizing fools are in their final state. 

STEP 3: Otherwise, select a node "X" fron "L" wath its 
corresponding (already established) optimizing pool. When 
the node is frocessed the first time, assume the approximate 
pocl to ke initialized to the 1 element. 

mie ets Use the nect operator to combine the already 
existing optimizing pool with the input pool "IP" incoming 
Írom the immediate predecessor. Assume the result as the 
EKT optirtrizing pool. If the result does not chance the 
existing cptimizing pool go to πες ο 


STEP 5: Otherwise map the result to a new output fool with 


the corresponding optimizing function. Enter all immediate 
Successors into "L" with the output pool cf X as a new in 
put pool. 


π᾿. ο ο STEP 2; in general tle algorithm is-stated as 


11 





Al [Initialize | 1 <- { (е,0) | 6 in E) 
A2 {Terminate ?] If L = g then halt 


АЗ [Select a node] Let L! be an element of L, 
L'=(X,IP) fcr some X in N 
and IP in P, where P is the set of all 
possible optimizing pcols, then set 
Ἱ ος aM 


A4 { Traverse? ] Let OP be the current pool 
of optimizing informaticn associated 
with the node X ( initially OP- 1) 
If OP S IP go to STEP A2,where IP is 


the incoming pool. 


A5 [Set gool ] OP <- OP /) ТР 
UA ο τα ολ) cin εί), 
L L 


where I (X) is the set of all 


immediate successors of X. ) 
A6 [Loop | Go to STEP A2 


As ап illustration of the algorithm, consider the 


problem cf common subexpression elimination. In this case 


the "pocls" are sets partitioned into eyuivalence classes. 
Such equivalence classes contain previously computed 
expressions which are known to have identical values. The 


meet operation is defined aS intersection of equivalence 





classes, and the "optimizing function" builds new 
equivalence classes of expressions which are known to have 


the same value, or it adds expressions to already existing 


classes. As an example consider the following skeletal 
program: 

> := ү 

1s r3= k * y 

x := К 

if c = 1 go to 2 

y :=7 

IU: Uu Az 

X :7 u 

12.1, < песо во” 1 


ZO EXC 
х * ү 
Neglecting the if statements, the resulting program flow 
graph is presented in Figure 1, where the nodes A,E,C,D,E,F 
represent basic blocks which are segments cf the program 
containig no transfers or the program control into or cut of 
the segment and where the edges represent the program flow. 

The program flew graph given in Figure 1 is processed in 
the rclicwing tabular form : 

Coiunn AI contains the number of nodes already 
processed. 

Column "NODE" contains the node being processed. 

Column "INEUT POOL" contains the current  approximaticn to 
the final eptimizing rool. 

Column "CUTEUT POOL" contains the output pool formed by the 
Optimizing  functicn which will be the input pool fcr the 
immediate successor listed in column L. 

The sincle equivalence classes are separated by a 
vertical tar, and the single elements cf a class are 
separated by a comma. The analysis is given in Table 1. 
The optimizing pools associated with the underlined nodes 
are the final pools. 


The result of this analysis is as follows. Те Ел [Г 
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expressicn at node D is Y := Z. Referring to the input pool 


IP = {z,YIK,X,I0,K*y,X*y} 
(D) 


there  alreaay exists an equivalence class "|2,у|" and 
therefore it would be redundant to produce code again for 


this assignaent. A similar result is found by the algcrithn 


at node F. The expression X * Y is already a member cf the 
input pocl 
TE op) = {z,yIxiulkijr,x*ylu*zjk*y} 


and thus it is not necessary to Teconpute the expressicn. 
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u*z E 


FIGURE 1. 


Example for a program flow graph 





STEP NODE 


ΙΙ 
3 E 
4 | с 
5 Е 
6 F 
1 L 
8 E 
3 E 

Note: 


the grapn are propagated. 


INPUT POOL 


Z,y|lr,k*yik 


TABLE 1 


Common Subexpression Elimination Analysis 


®,у|К,х{г,к*ү,х*у 


k,xjuir,k*y, 
ürz 


pepo, key Vt 


?,у| х | |г,хжу | кжу|к 


[xfuik|r,x*y, 
ος _ 


T 
| 
4 
| 
| 

—— 
| 
I 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
1 
| 
| 
| 
| 
| 
| 
| 


OUTPUT POOL 


qam ee ee CU ey ee m. cn нь зй 


z,y|r,k*y,k*z|k 


2,у{К,х| ΕΚ ΣΤΥ, 
ХЖ 2, 
Z k,xlulr,k* 
en | , у, 
2 У|К,„хофг,кжу, 
x*ylu*z 

r r x 
ο 
στ τη κο Ey] 
u*z | k*y ‘ 
z,ylxliulkir,X*yl 
ukz | k*y ΄ 


L 2 —— T Y lll опиати. а 





cnly expressions or subexpression which cccur іп 
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111. SELECTION METHODS 


wie oe Παρ asas Qs ee Ee Qum aaa O A A 


The choice of the node from the investigation list in 
step 3 of Kildall's algorithm is arbitrary, as shown in 
Ref[6]. This fact has motivated the investigation af the 
effect of some Selection methods on the convergence rate of 
the algorithm. 

In the analysis of the previous example of common 
subexpression elimination presented in Table 1, there was a 
choice cf nodes at step 4. . Instead of node E the псде D 
could have been taken. Proceeding with the  chcice D 
instead of E reduces the number of steps leading tc the 


final soluticn from nine to seven, as shown in Table 2. 


À. LAST IN FIRST OUT (LIFO) 


Representing the investigation list in form of a 
horizontal stack suggests a selection method which always 
processes the top of the stack, assumed to be the "right 
end." Due to step 5 of the algorithm, the currently 
processed node enters all its immediate successors at the 
stack top. The actions ot the algorithm are most easily 
seen thrcugh a simple example. Considering the skeletal 
flow graph given in Figure 2, stack crder processing 
produces the following states of column L. Processing the 


entry node A results in: 


Ἱ D; 
1 
Processing ncde D results in 
TR νο τῇ 
2 
Selecting J froduces 
Pe eo eee O AA y 
5 
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TABLE 2 
Common Subexpression Elimination Analysis 


Improved version 





STEP NODE INPUT POOL OUTPUT POCL L 
=== == — —  — O ӘӘ nn nn ΠΠ m m gu A a ee A O 5 жес O ашшы: ee — = 
| |] p P 

| 
2 | A | P Ζ,Υ. В 
3 | E | Раде УУКТУ КЕЕ n 
4 | c | 2, у | г, Кжу|К Z yj Wp ιτ στ ον | 

| | | XZ [Ds 
5 L 2 k,ilr,x*y,x* 2 Ur, UTZ 

L | ,ylK,x[|r ,K*y,X*y | x k&v| , ' с 

6 Е 2, у | х|г,хжу | Кжу | К суха КІС, Ху 

| =} , Y г y yl | ase | key , Y |Р 
7 г, kir,x* αν кс 

| F | nen [r ,x*y, | AE REY. |г,хху | 5 

| | | | 


Note:  cnly expressions or subexpression which cccur in 


the graph are propagated. 
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FIGURE 2. 


Flow graph example for 


LIFO and FIFO node selecticn 
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Since node L and M have no successors, the subtree 
rooted in D is processed. The optimizing fools (OP) fcr the 
nodes I, J, L, M are of the form: 


OP = Л Ε(ΟΡ }) for n = I,J,L,M 
(n) D->n D 


where OP is the result produced by the meet operation along 
D 


the path from node A to node D, and Dr>n is a path fron D to 


n. The next node being processed is node C, and therefore 
the list will be of the forn | 

L = BGH. 

4 


Since H has no successors the nođe G is processed leading to 
K which, in turn, is immediately processed. 
L = BK. 
5 


Assuming that the output pool of node K will change the ΟΡ, 
D 


the whole suktree rooted in D has to be reentered and 


processed again as shown in E to ко The optimizing pools 
of the ncdes G, H, D, L, J, L, H are then of the form: 
OP = /* £(0P ) for n= G,H4,D,1,J,L,M. 
(n) C-»n C 


After reprocessing the nodes, В is processed which 
results in the list: 
L = FE F C. 
9 
Assuming again that the output pool oí B changes SET the 


subtrees rooted in C and D have to be reentered and 


processed again. 


L = E F GH 
10 

L = EF K 

11 

L = E F D 

12 

L 1. j 
13 

L ZET I L. 
14 
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After doing so, the optimizing pools for the nodes 
represented Ey n are: 


OP = N £(0P) 
(n) B->n B 


ОПЕЕ ie Ce, ts Ny Dy. ply 12,8. 

Since node E and node F have no successors, the stack is 
empty after processing each element and the algorithm stops. 

An ckvious disadvantage was to start at the right side 
of the stack, but the graph given in Figure 2 is, of ccurse, 
only one o£ many. There might be graphs for which this 
method is more efficient. For example, 1f one turns the 
given graph from left to right the entering sequence will 
then be D C E. In this case, the algorithm converges more 
rapidly. 

To describe tne relations between the nodes by nore 
associative names, call the successors 'sons," the sons of a 
father "brothers," and consider the immediate Successors оғ 
corresponding brothers to be on one "level." For example, 
the node A is tke father of B C D and the nodes EFGHI J 
are on one level. The selection method described above 
propagated the optimizing information along a path 
connecting scns of succeeding ievels in "top to the bottom," 
or "depth first" fashion. The disadvantage is that all 
optimizing information entering nodes on this path, coming 
from nodes of upper levels but peing located at the left 
side of the stack, is disregarded. Assuning that the 
incoming ;,;ool will change the optimizing pcol of the entered 
node, the whole path following the entered node has to be 
processed again, aS illustrated in the case cf the subtree 


rooted in D when node K or B was processed. 


B. ΙΙ. IRST ODT CPYIP0O) 


Based upon the analysis presented in the last section 
tne metncd presented nere selects the nodes in a hcrizontal 


direction instead of a dopth first sequence. That isnat 
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first all nodes of one level are processed, followed by 
their successors, again all those of one level, and so on. 
Considering the same stack model, the nodes are taken 
now from the left side, and the node which enters first will 
also be processed first. Processing the graph of Figure 2 
results in the following investigation lists. The node A 


will preduce the list 


L = B CD. 

1 
B will then ре selected. Processing the node B will 
enlarge tke list to 

L = CD Er C. 

2 
The node C jis entered twice into the list and is 
distinguished by the associated optimizing fools. Ncde A 


caused its successor C with the approximate optimizing pool 
OP = AE(OP ). 
С Д 


ο ο  Ὁ п io Other hand, enters the successor C with the 
pool | 
| op = A £(0P ). 
C B 


The follcwing change is made to improve the algorithm in 
later steps. Instead of adding the corresponding successors 
in step 5 of the algorithn, the "union" is formed of the 
existing list L and the set of successors. For those nodes 
already cn the list, the meet operator is applied to combine 
the different incoming fools. 

It is possiple to use the union operation since the 
Character of the investigation list is one of a "waiting 
list" indicating those nodes which remain to Бе processed. 
It is easily shown that as long as the input pool is updated 
by the meet cperation it is not necessary to enter a node 
again. Using this change in step 5 reduces the numker of 
optimizing function applications by the number of times the 
node is not additionally entered. 

Processing the algorithm in this way using the union 


operation results in 
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L = D EF GH 
3 


Ja = & FP G H L d 
4 

L = HI ο K 
5 

L = КМ 
6 

L = L HD 
7 

L =I d 
8 

L = L i. 
9 


After processing these nodes the list is empty and the 
algorithm stcps. 

Assuming the same relation of the optimizing focls to 
one cther as in section III-A one improvement can already be 


noticed: the nodes M and L are processed only twice. 


= STSEEEFSST DESCENT 


The two methods presented in the previcus section only 
considered the sequence of the nodes based upon the 
relationship father, son, or brother. The third method 
presented now will take into account the properties of the 
associated optimizing pool of each node waiting cn the 
investigation list.  Kildall[6] suggestes a method called 
"Steepest descent" which considers the size of the pccl in 
obtaining a selection sequence of nodes with the intention 
of decreasing the pool size as quickly as possible. 

The general character of the meet operatcr is similar to 
that of an intersection operator: that is, in the case of 
common subexgression eliminaticn, it maps the incoming pools 
intc a neu optimizing pool tor the corresponding node. This 
implies that the size of the produced optinizing pool is 
always less tnan or equal to the former one, Therefore, 
processing the node with the smallest pool available on the 


investigation JSC first will map the correspcnding 


23 





Successors! pools into a form which is closer to the final 
state. 

To illustrate this method consider the shortest path 
proklem (Ref.[1]). In the graph given in Figure 3, each 
node haS a distance associated with it represented by a 
number. The approximated optimizing pool is the sum of 
distances along a traveled path beginning at the entry node 
up to the currently processed one. The meet operator will 
choose the snallest incoming value аз the new optimizing 
pool. The optimizing function will add the asscciated 
distance cf the node to its optimizing pool to forms the 
output fool which is passed to the successors. - The term 
"smallest" in this example is related to the sum represented 


ру the optimizing pooi. 
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FIGURE 3. 
Flow Graph Example for 


Steepest descent 
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Processing the node A will produce the list 
L 5B (3) „С (3) „0 (3). 


Since all optimizing pools are equal node B is arbitrarily 
prccessed next, and the new list is 
ae ‚D(3),E(8),F(8). 


Selecting C(3) 
L =D (3) ,E (8) ,F (8) ¢G (10) ,H(10) . 


Selecting D(3) 
L FE (8) ,F (8) 6 (10) „Н (10) „1 (15) ,9(15) - 


Selecting E(8),F(8),G(10) 
L 7H (10) 1 (15) ,3 (15) ,R (11) . 


Selecting H(10), then K(11) resulting in 
1 #1 (15) ,9 (13). 


Note that the optimizing pool at node J had the value 15 for 
an optinizing pool. The incoming pool was of value 13 and, 
due to the meet operator the smaller value was taken as the 
new optimizing pool. Applying the steepest descent method, 
node J is taken and 

b πο ια ο πιο). 


According to this method, the sequence of selecticn is 
τι MAD) ELLAS) Compared to the methods presented 
previously, the nodes ἡ and L are processed only once which 
is a further improvement. The change in the graph does not 


influence the number of traversals of node L and node M. 
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D. PEPITH PIRST SEARCH 


One ccnsequence of the methods presented in section 
III-A and III-B was the importance of the prccessing 
sequence of the nodes along the possible paths. The 
relations father - son and brother - brother were considered 
in determining the best sequence. Another approach will be 
to preprocess the graph in order to find the relations 
between all nodes of the graph to each other in the sense of 
a family tree. The nodes will then te selected in a 
Sequence conforming to the family hierarchy. 

This idea has been implemented by Hecht and Ullmanf2]. 
Kam and Ullman[3] combined this ordering process with 
Kildall's flow graph aigorithm. This combination will be 
presented as the fourth selection method. 

The crdering or the nodes of a flow graph G corresponds 
to the ácrinance relation and is the reverse of the order in 
which a node is last visited while growing any depth first 
Spanning tree of G. 

А дер в first spanning tree (DFST) of a flow graph is 
defined as a directed rooted ordered spanning tree grown by 


the algorithm which is described below: 


(D1 Initialization ] The root of the DFST is the initial 
node of 6. Let this node be the node "m" which is visited 
in step D2. The variable "i" will be used to number the 
nodes in "rEndorder.** Initially 1<-К, where K is tne number 


of nodes in the graph. 


(D2 Visit node m] If node m has a successor X not 
already cn the DEST, select X аз the right rost son of ш 
found so far on the spanning tree. If this ste is 
successful, node X becomes the node m to be visited next by 


repeating step D2, otnervise 


24 





[D3 Label J] Let m be the node being visited. Let 
rEndorder <- i , and i<-i-1, if a is the root then halt, 
otherwise execute step D2 using the father of m. An 
example cf this algorithm is illustrated in Figure 4. 

The optimizing pools of the corresponding nodes are 
processed then in a sequence determined in the following 
нау. 

Kam and Ullmann use ап array A, equivalent to the 
investigation list L, a pointer j, and a boolean switch 
called "change." They initialize the optimizing pool cf the 
entry node А[ 1] by the О element and proceed by the 


following steps : 


:= 2 step 1 until k do 


J 
A[j] := AN £ (аа те 
[ 3] а) о ]) 


where I(j) ={d Jd is an immediate predecesscr 
ot J and d is less than j ) 
change := true; 
while change do 
Comment this while statement is 
eguivalent to the step 2 of Kildall's algorithm: 
if L is empty then halt; 


begin 


change := false; 


б ТЕГ" Л for j := 2 step 1 until k do 


begin 
temp ;= „N Е (Ald); 
d I(j) а 
where I(j) = Га | d is an immediate predecessor 
of j} 
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if temp # A[j] then change := true; 
A[ j] := temp; 

end; 

End of while; 


Step two is equivalent to step four in Kildall's algcrithn. 

A change of the optimizing fool of the currently processed 
node will cause a new iteration of the while statement which 
means a reprocessing of the node. This is accomplished Dby 


entering the node onto the investigation list again. 
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FIGUREN, 


Example for Ullman's Ordering Algorithm 
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IV. IMPLEMENTATION OF THE SELECTION 


eee ee eee eee πας. — == — q -— -r r καν owe sJ καρ 


METHODS IN A SIMULATION 


This section presents a Simulation model for the purpose 
of evaluating the convergence rate of the various node 
selecticn methods. The model is based upon a randomly 
generated flcw graph. The instructions attached to a node 
are represented by distances along the arc leading from a 
node to its successors. The optimizing pocl in this model 
represents the sum of the arc lengths alcng the possible 
paths starting with the entry node up to the currently 
processed node. In this case the goal of the algorithm is 
to decrease the pool size in order to minimize the distance 
sum. This is done by searching along the possible paths to 
find the smallest sum. 

The relation father - son and the associated arc length 
represented by the three tuple (NX,NY,NZ) is determined by a 
uniform random number generator( 7]. To obtain tne 
connectivity of the graph, the new father for the next level 
of successors is selected from the last group of sons, 

The cptimizing function maps the optimizing pool of the 
corresponding node into the output pool passed to the 
successors by adding the corresponding arc length NX tc the 
optimizing pool: 

Output pool = Optimizing pool + NX 

In the general code optimization problem the optimizing 
function is applied only once when processing the node since 
the produced output pool is valid for all successors. In 
the model, hcwever, the output pool differs due to the 
different arc lengths along the connections. To overcome 
this shcrtcoming of the model, Al applications to ccmpute 
the different output pools during processing the node are 
counted only as one application. This is accomplished by 
incrementing the ""£unction  tally" (a counter explained in 


Section V) each time the corresponding node iS processed. 
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The meet operator compares the incoming pool with the 
current optimizing pocl and sets the new optimizing focl to 
the smaller of the two. If the old optimizing fool is 
substituted by a smaller one, the node will be entered into 
the investigation list if it does not already exist cn the 
list. The list tally (counter explained in section V) is 
alsc incremented. 

Due to the linear form of the optimizing function in the 
shortest path problem, the value of the optimizing pcol is 
constantly increasing along a path. Therefore, each loop is 
only propagated once, except when additional paths lead to 
the loop entry, because the optimizing pool value at the end 
of the loop is always greater than or equal to the value at 
the beginning of the loop. 

To make the simulation model closer to an actual program 
flow graph process, a second run will be made with the 
non-linear optimizing function 


2 
OP OP 


Output pool = + 


2 
NX NY 


where NX,NY,NZ are randonly generated coeffients attached to 


- 


+ NZ 








each arc. In this case, it iS pcssible that the function 
value output is less than the incoming value OP. Therefore, 
the value at the end of a loop can be less than the value at 
the beginning and can cauSe additonal traversals cf the 
loop. 

The nonlinear cptiuizing function can be used, since the 
homcmorphism condition is satisfied, which is shown in 


appendix A. 
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V. EVALUATION CONCEPT 


———— A — n ee a —- — = шшш 


The final optimizing pool associated with eacn node upon 
terminaticn of the algorithm 15 uniquely determined, 
independent of the order of choice, which is shown in 
Ref[ 6]. Thus, the number of steps leading to the final 
sclution might be a measure of the convergence rate. 
Kildall[6] defined the upper bound on the number of steps 
for the given aigorithm (section TI-B) as foliows: 

Let n be the cardinality of N and h(OP) be a function of 
OP (which in turn may be a function of n) providing the 
maximum length of any chain between 1 and C in OP. Step 5 
of Kildall's algorithm can be executed a maximum of h (OP) 
times fcr any given node. Since there аге n nodes in the 
program graph, step 5 can be performed no more than 
п * h(OP) times. 

This upper bound on the number of steps is a thecretical 
one, and in actual practice the number of steps toa 
sclution might be far less than that. 

Ullman[3) proposed the number of iterations cf the 
algorithm described in section III-D as the convergence rate 
neasure. He claimed that the algorithm will halt after at 
nost ud+3 iterations, where d is the maximum number of back 
edges given ry any depth first spanning tree in a cycle free 
path. 

Since the theoretical upper bound is only applicarie to 
Kildall's algorithm, and the number of iterations is only 
applicable to Uliman's method these criteria are not 
uniformly meaningful for all four methods. 

The evaluation concept used in the investigation 
described in the following section is kased upon the 
application of the meet operator and the optimizing function 
first relative to the number of nodes, and then tc the 


number of arcs. This 1S uniformly meaningful since the 
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implementation of the function and the operator is the same 
in all four methods. The methods will differ, however, in 
the number of the applications as already mentioned in their 
description. Since the convergence rate of the algcrithn 
depends upon the number of applications of the meet and 
optimizing function, this number will be used as the 
evaluaticn criteria later on, 

To determine the number of applications of the meet 
Operation and optimizing function, two counters are 
associated with each node: a "jist tally" denoted by 
LESTTALLY and a "function tally" denoted by FUNCTALLY. 

The list tally is incremented each time the optimizing 
pool of the corresponding node is changed by the meet 
Operator, i.e., the node is entered into the investigation 
list by the union operator. 

The function tally will be incremented each tine the 
optimizing pcol of the corresponding node is mapped to an 
output pcoi using the optimizing function. 

To compare the effect of the methods on the algcrithn 
convergence rate, single node counters can be compared, and 
to get a general overview, the counters can be summed апа 
the total number of applications during the algorithm run 
can be ccmpared. 

Using this evaluation concept tae erfects of the methods 
on the ccnvergence rate can be investigated for different 
kind of graphs. The graphs investigated in the following 
paragraphs vary in; 

the numker of nodes, 

the numker of leaving arcs, 

the numker of generated levels, 

and the arc length representing the different type of 


optimizing pools. 
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WI. RESULTS 


The effect of the node selection methods on the 
convergence rate of the algorithm when varying the 
Simulaticn parameters is presented below. 

The investigated graphs can be separated into five main 
groups, characterized by the number of nodes contained in 
the graph. The simulated graphs contained ten, twenty, 
thirty, fcurty, and fifty nodes. 

Each main group is divided into four subgroups 
distinguished by the number of generated levels contained in 
the correspcnding graphs. The number of generated levels 
being considered are ten, twenty, thirty, and fifty. 

Each sukgroup contains five graphs which are equal in 
the number cf nodes and the number of levels but vary in the 
numbers of leaving arcs. The number of leaving arcs being 
considered are two, four, ten, twenty, and thirty arcs. 

The computer output starting on page 46 shows the 
results of the simulation runs using the jinear and 
nonlinear optimizing functions. At the end of each main 
group the number of times a method used the lowest nunter of 
applicaticns during the last twenty runs is presented, 

Looking at the number of applications of the meet 
Operator and optimizing function given by the correspcnding 
tally wiil show the following trends. 

Increasing the value of a variable generally caused an 
increase in the number of applications, 

Increasing the number of nodes will cause on the average 
an increase on the number of applications in the following 
manner. Using the linear optimizing functicn the nunter of 
applications increases linearly when the steepest descent 
method is applied, and exponentially when the other methods 
are used. This is not surprising since one can easily show 


that each ncde is visited only once in the linear case when 





using the steepest descent method, Using the ncn-linear 
optimizing function, the number of applications increases 
linearly in ail four cases. The trends can be easily seen 
in Figure 5 for the linear function, and in Figure 6 fcr the 
non-linear function. 

The increases caused by varying the number of levels and 
arcs are shown in Table 3 for graphs of ten and fifty 
nodes. The amount of increase when varying the numker of 
arcs and leveis depends also upon the number of nodes 
contained in the graph. This can be explained as follows: 
the size cf a generated flow graph is limited by the number 
of nodes, levels, and arcs. The maximal number of distinct 
nodes being entered by distinct arcs is equal to the product 
of the number of leveis and arcs. Whenever the value of 
this product is greater than the number of nodes of the 
corresponding graph, the generated new nodes being entered 
are already in the graph. That is, they are successors or 
predecesscrs of other nodes as weli. After a certain 
increase in the number of levels or ieaving arcs relative to 
the number o£ nodes, only loops or parallei arcs are 
generated. Increasing the number of loops or number of 
paraliel arcs has little influence on the number of 
applications, since the probability that а successor's 
optirizing pool is already in its final state and the node 
is not reentered again into the investigation list increases 
also, which saves the application of the meet operatcr and 
Optimizing Tünetıcn. 

Looking at the results of the nonlinear functicn the 
Same trend is noticed, but the number of applications 15 
higher in general due to the additional traversals cf the 
loops. 

Looking at the results with regard to the effect c£ the 
different methods, the following can be observed. 

The number of applications for the meet and optirizing 
function in the case of tne LIFO method is always equal. 


This 1S neccessarily true since all nodes whose optirizing 
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pool was changed were entered into the list without using 
the union operator. 

| Investigating the dist tally first to avoid the 
influence of the union operator will yield the following 
effects. With regard to graphs with small number of nodes 
and small numbers of leaving arcs the effect of the three 
methods LIFO, FIFO, and STEEP are similar, The number of 
applications of the meet operator varies only slightly. 
Increasing the number of levels or leaving arcs, however, 
the difference will be emphasized. The FIFO method used 
less applications than LIFO, but was outnumbered itself by 
the STEEP method Which used the lowest number of 
applicaticns in the most cases. The Ullman method is very 
handicapped by the "for statement" used inside the while 
loop. This influence became more obvious with increasing 
number of nodes in the investigated graphs. 

The number of applications of the optimizing function 
depends very much on tae number of meet operations, since 
only those nodes were considered which were on the 
investigation list. Therefore, when the number of meet 
operaticns decreases, the number of optimizing function 
applications also decreases. However, the improvement due 
to the unicn operator when entering a node into the 
investigation list is very obvious, since the differences 
between the list tally and function tally in all three 
methods FIFO, STEEP, and Uimanh are remarkable. 

To get a general overview of the effect of the methods 
several runs of the same type vere made with different seeds 
for the randcm number generator to provide a large numker of 
distinct graphs. The results are shown in Table 4 using 
the linear function and in Table 5 using the nonlinear 
Function: The tables contain the number of times the 
corresponding method used the lowest number cf applications 
No васава το τἴα meet “and optimizing functicn. The 
Summation of the corresponding numbers shows that the 


Steepest Descent method yielas the best convergence rate. 
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Relation between the number of applications and 


number of nodes (linear function ) 
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Relation between the number of applications and 
number of nodes 


(non-linear function ) 
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TABLE 3 


Increases Caused by Changing the Simulation Parameters 


Graph of ten nodes 


level 10 level 50 increase 
arcs 2 arcs 30 
LIFO 11 16 5 
FITC 19 18 8 
SLEEP 10 16 6 
ULLMAN 17 19 2 


Graph of fifty nodes 


LIFO 16 304 288 
FIFO 16 215 ` 199 
STEEP 16 131 115 
ULLMAN 31 246 215 
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TABLE 4 


Linear Function Results 


Seed Orig Fifo Steep Ullman 
List Func List Func List Func List Func 
10 0 5 0 17 18 1 2 
2 1 1 1 19 20 0. 0 
12345678 1 1 5 4 19 20 0 0 
1 0 3 2 20 19 0 1 
1 1 1 1 20 20 0 1 
1 1 4 1 19 20 0 1 
87654321 1 1 2 3 20 20 0 1 
1 Q 3 3 19 19 0 1 
1 0 2 1 20 19 0 1 
6 0 3 1 20 20 1 1 
1 0 1 1 18 20 0 0 
777882234 0 0 2 3 20 19 0 1 
1 1 1 2 20 20 0 0 
2 2 2 4 19 20 0 1 
10 1 4 2 18 20 0 1 
0 0 3 3 19 20 0 0 
1537616862 3 0 3 2 19 19 0 1 
1 1 2 2 20 20 0 2 
2 0 3 0 19 19 0 1 
Summation : 

55 11 54 38 380 392 2 18 
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TABLE 5 


Nonlinear Function Results 


Seed Orig Fifo Steep Ullman 

List Func List Func List Func List Func 

3 0 3 4 12 18 5 0 

1 1 2 2 18 19 2 1 

12345678 6 0 4 2 11 15 0 3 
4 1 4 2 15 18 0 3 

5 0 5 3 15 18 2 0. 

2 0 2 2 15 19 3 0 

87654321 4 1 2 0 15 19 0 2 
3 0 3 2 16 18 1 1 

4 0 2 0 17 18 0 2 

4 1 5 11 8 11 5 1 

2 0 4 2 13 17 2 1 

777882234 4 0 4 1 15 18 0 1 
3 1 2 O 14 18 1 2 

7 2 1 3 12 16 1 3 

4 0 5 7 9 16 4 0 

1 0 1 2 16 19 4 0 

153764€2 B 0 3 1 18 20 0 0 
4 1 6 2 13 17 0 3 

2 1 3 2 17 18 0 3 

Summation : 

69 11 63 50 286 350 30 27 
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VII. CONCLUSIONS 


 — — — ep s шш 


The “effect of the four selection methods: Last In First 
Out, First In First Out, Steepest Descent, and Uliman's 
Depth First Search was investigated with regard to the 
convergence rate of Kildall's program flow graph analysis 
algorithm. The overall result was that the steepest descent 
metkod reguired the smallest number of applications. One 
question which arises is how to implement the idea cf the 
steepest descent for a real program? The amcunt of 
comrutations to determine the "smallest optimizing fool" 
night be more expensive with regard to execution tine or 
storage tc process the algorithm then the effort to optimize 
by the other methods. This possible disadvantage can be 
overcome by the following. When computing the meet 
operation the size value of the pool. can be computed too. 
This size value has to be stored for later use anc will 
cccupy additional memory space. Therefore, if a small 
number of applications of the meet or optimizing functions 
is reguired, the steepest descent method is most efficient, 
if an easy implementation is required, the first in first 
out methcd will be more easy to apply. 

The graphs investigated in these simulaticn runs varied 
in the number of nodes, the number of levels, and the number 
of leaving arcs. The results were uniform and nearly 
independent cf the graph type. Thecefcre the result of a 
real program investigation should not differ substantially 


Peon the results of this simulatioh. 
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APPENDIX A 


The non - linear optimizing function iS applicable, 


since the horomorphism condition is satisfied. That is, 
given that 
2 
f(n,P) = > + oa + NZ, and 
NX NY 
РА А Eo = Min (E, ,P5) 
San £(n,P,AP,) = f(n,P,) A f(n,P,)- 
This is shown to be correct in the following way: 
(P. AP.) (P, AP) 
f(n,P,AP4) = -1--3£-- 1 -----5 + NZ, 
NX NY 
Br Р, 
f(n,P,) А = Шз. NZ, and 
NX NY 
| Ῥ P, 
f(n,P = ----- + ---- + NZ. 
бе NX* NY 
Thus 
Е Р; 
f((n,P,)A(n,P.)) uel I 
NX NY 
ше, de 
C LE ET mrt NZ) 
NX NY 
E? 23 2 
NX NY NX NY 
Since P,P O 
ο... 


Р P 
- Min(-25- , ----) « Min(-2-- , c E E 


NX ` NX ` NY NY 
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Since NX 


Min(P,^,P 


| 
-ῃ 
+ 
3 
HJ 


and NY are constants 


Min(P,,P.) 
Е Ос NZ 
NY 
Minen 
m inc. NZ 
NY 
(P. AP.) 
IO MEE. o NA 
NY 


which is the required identity. 





COMPUTER OUTPUT 


STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 
THE LINEAR CPTIMI ZING FUNCTION WAS USED 
RUN 1 2 3 4 5 6 7 8 
NMNODE 10 10 10 10 10 10 10 10 
MAXCON 2 4 16 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 10 10 10 10 1020 20 20 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 11 12 14 13 18 14 17 20 
FUNCTALLY 11 12 14 13 18 14 17 20 
ЕТЕО LISTTALLY 10 1r 18 19 19 15 114 εὐ 
FUNCTALLY 9 10 13 13 14 11 12 14 
STEEP LISTTALLY 19 10 16 13 17 15 14 20 
FUNCTALLY 9 10 10 10 10 10 10 10 
ULLMAN LISTTALLY 17 19 19 19 28 28 28 28 
FUNCTALLY 8 9721 7021 1222045135215: 2195 


H6 


S 
10 
20 

10C 
20 


20 
2C 
2€ 
20 
21 
10 
15 
lë 


10 
10 
30 
100 
20 


17 
17 
22 
15 
16 
10 
19 
17 





STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 
THE LINEAR GPTIMI ZING FUNCTION WAS USED 
RUN IAS ELSA 16 Τι 19 
NMNODE 10710710710710 10 10 10 
MAXCCN 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL зз 30 О 50 3050150 50 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 16 18 26 20 22 23 22 18 
FUNCTALLY СИС 2757729 ες 23922718 
FIFO LISTTALLY 16 18 26 22 23 20 26 14 


FUNCTALLY 12 13 18 14 12 12: 17 12 
STEEP LISTTALLY 13 16 26 20 22 19 22 14 
FUNCTALLY 10 10 10 10 10 10 10 10 
ULLMAN | LISTTALLY Sf 28 28 28 ° 28 37 3T 28 
FUNCTALLY 17 18 24 21 25 23 26 14 


THE FOLLOWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LOWEST OR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 


ORIG FIFO STEEP ULLMAN 
LISTTALLY 10 5 17 Í 
FUNCTALLY 0 0 18 2 
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STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 
THE LINEAR CPTIMIZING FUNCTION WAS USED 
RUN 1 2 3 4 5 6 7 8 
NMNODE 20 20 20 28 20 20 20 20 
MAXCON 2 “ 16 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 10 10 10 10 10 20 20 20 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 13 23 30 66 36 22 34 42 
FUNCT ALLY 13 23 30 66 36 22 34 42 
FIFO LISTTALLY 13 23 33 41 38 23 33 40 


FUNCTALLY 13 20 24 29 27 20 29 23 
STEEP LISTTALLY 13 21 26 42 34 17 23 30 
FUNCTALLY 13 17 20 20 20 16 19 20 
ULLMAN LISTTALLY 25 65 39 96 39 46 13 TT 
FUNCTALLY 14 25 33 50 37 23 29 36 
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STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 
THE LINEAR OPTIMIZING FUNCTION WAS USED 
RUN Jl 12 13 15 [5216 17 18 
NMNODE 20 20 2G 20 20 20 20 20 
MAXCON 2 4 10 20 30 2 4 1G 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 509509550: 30 30 50 50 50 
THE FOLLCWING NUMBERS ARE THE CGUNTER CONTENTS. 
LIFO LISTTALLY 23 45 54 57 11 49 53 58 
FUNCTALLY L3 αρ 54. 59FI0,YrHYr YT TT 89 53 58 
FIFO LISTTALLY 25 40 37 52 18 38 53 56 
FUNCTALLY 23 26 26 29 40 26 34 33 
STEEP LISTTALLY 21 28 30 42 49 29 40 50 
FUNCTALLY 17 20 20 20 20 20 20 20 
ULLMAN LISTTALLY 49 Τί 96 96 77 58 96 77 
FUNCTALLY 23 46 43 53 TO 39 53 51 
THE FOLLCWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LOWEST CR SAME NUMBER OF APPLICATIONS 
DURING TRE LAST 20 RUNS. 
ORIG ЕТЕО STEEP ULLMAN 
LISTTALLY 2 1 19 0 
FUNCTALLY 1 1 20 0 


+o 


15 
20 
20 
100 
50 


(1 
11 
82 
45 
50 
20 
58 
55 


20 
20 
30 
100 
50 


55 
95 
її 
42 
57 
20 
58 
{1 





In I) a ' 
б I 
B 0 

295969; 


STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 

THE LINEAR OPTIMIZING FUNCTION WAS USED 

RUN 1 2 3 + 5 6 7 8 ς 10 

NMNODE 30 30 30 30 30 30 30 30 30 30 

МАХСОМ 2 4 10 29 30 2 4 10 20 30 

MALGTH 100 100 100 100 100 100 100 100 100 100 

MAXLVL 10 10 10 10 10 20 20 20 20 20 

THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 

LIFO LISTTALLY 17 27 46 60 65 31 63 89 105 86 
FUNCTALLY lf 27 46 60 65 31 63 89 105 86 

ELEC LISTTALLY 17 25 40 41 63 28 33 53 66 74 


FUNCTALLY lf 24 30 34 44 27 30 32 38 49 
STEEP LISITALLY 11 25 35 41 54 27 36 44 54 54 
FUNCTALLY l7 24 29 30 30 27 29 30 3C 30 
ОЛЕ АТ LISTIALLY 33 41 85 88 88 53 55 117 146 117 
FUNCTALLY 18 28 40 53 57 28 40 66 80 66 





STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 
THE LINEAR OPTIMIZING FUNCTION WAS USED 
RUN VES PES IHESU RS LES T EST: 
NMNODE 30030. 3005080 зо 30.30 
MAXCON 20 Se Ж ЖЕ АШ 2» 410 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 30 30 30 30 30 50 50 50 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 59 85 136 117 89 98 106 87 
FUNCTALLY 59 85 136 117 89 98 108 87 
FIFO LISTTALLY 28 51 75 93107 55 71 95 
FUNCTALLY 24 36 41 52 55 47 51 48 
STEEP LISTTALLY 28 37 52 56 75 39 47 61 
FUNCTALLY 24 29 30 30 30 29 30 30 
ULLMAN LISTTALLY 93 113 117 175 88 113 117 117 
FUNCTALLY 36 60 92 72 84 64 76 71 
THE FOLLOWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LGWEST OR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 
ORIG FIFO STEEP ULLMAN 
πο ην... 1 5 19 0 
FUNCTALLY 1 4 20 0 


Ба 


15 
30 
20 
100 
50 


140 
140 
91 
41 
80 
3C 
146 
101 


20 
30 
30 
100 
50 


139 
139 
95 
48 
18 
30 
115 
121 





STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 

THE LINEAR OPTIMIZING FUNCTION WAS USED 

RUN 1 2 3 4 5 6 7 8 SEO 

ΝΜΝΟΟΕ 40 40 40 40 40 40 40 40 “4С 40 

MAXCCN 2 4 1G 20 30 2 4 10 20 30 

MALGTH 100 100 100 100 100 100 100 100 100 100 

MAXLVL 10 10 10 10 10 20 20 20 20 20 

THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 

LIFO LISTTALLY 23 εντ G4 MOL ге Зэ 713 112 126141 
FUNCTALLY 23 21 G4 "864 72 39 75 112 126 141 

FIFO LISTTALLY 16 21 52 66 62 27 46 81 δέ 118 


FUNCTALLY 16 26 43 56 44 24 39 56 49 57 
STEEP LISTTALLY 16 27 47 50 02 9260 31 56 67 89 
FUNCTALLY 16 26 36 40 40 24 33 40 40 40 
ULLMAN LISTTALLY ӘН РОС ИИВ το 97.118 1571196 
FUNCTALLY 15 27 48 77 70 28 48 62 113 127 


ΝΠ 
зо 





STATISTICAL SUMMARY 
STARTSEED FCR THIS RUN 


12345678 


THE LINEAR OPTIMIZING FUNCTION WAS USED 


13 14 15 16 17 18 
40 40 40 40 40 40 
10 20 30 2 4 10 
100 100 100 100 100 100 
30 30 30 50 50 50 


THE FOLLCHING NUMBERS ARE THE COUNTER CONTENTS. 


RUN 11 12 
NMNODE | 40 «Ὁ 
MAXCON 2 4 
MALGTH 100 100 
MAXLVL 30 30 
LIFO LISTTALLY 62 88 

FUNCTALLY 62 88 
FIFC LISTTALLY 42 49 

FUNCTALLY 40 42 
STEEP LISTTALLY 33 44 

FUNCTALLY а! 39 
ULLMAN LISTTALLY °] 155 


FUNCTALLY 48 


67 


123 131 142 206 107 158 
123 131 142 206 107 158 
91 101 128 54 64 82 
66 51 63 44 48 52 
61 15 89 45 52 12 
40 40 40 38 38 40 
235 157 196 149 149 196 
94 100 131 76 86 98 


THE FOLLGWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LOWEST CR SAME NUMBER OF APPLICATIONS 


DURING THE LAST 20 RUNS. 


ORIG 
LISTTALLY 1 
FUNCTALLY 0 


FIFO STEEP ULLMAN 
3 20 Q 
2 19 1 


1S 
40 
20 
100 
50 


14S 
145 
124 
63 
94 
4C 
157 
120 


20 
40 
30 
100 
50 


179 
179 
142 
69 
97 
40 
196 
126 


STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 
THE LINEAR OPTIMIZING FUNCTION WAS USED 
RUN 1 2 2 4 5 6 1 8 
NMNODE D0 259721502550 750 50 50 50 
MA XCON 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 10 10 10 10 10 20 20 20 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 16 36 53 66 161 34 92 88 
FUNCT ALLY 16 36 53 66 161 34 92 88 
FIFO LISTTALLY 16 32 54 88 77 34 44 80 


FUNCTALLY 16 31 51 {0 54 34 42 61 
STEEP LISTTALLY 16 31 46 62, 65 S34 45 65 
FUNCTALLY 16 29 43 49 50 30 39 £50 
ULLMAN LISTTALLY 31 57 127 145 148 59 115 197 
FUNCTALLY 16 31 57 80 79 31 66 93 


54 


50 
20 
106 
20 


10€ 
10€ 
120 
11 
84 
50 
197 
114 


10 
50 
30 
100 
20 


112 
112 
118 
τό 
97 
50 
148 
102 





STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 
THE LINEAR OPTIMIZING FUNCTION WAS USED 
RUN 11 12 13 1⁄4 15 
NMNODE 50 50 50 50 50 
MAXCCN 2 4 10 20 2 
MALGTH 100 100 100 100 100 
MAXLVL зо σα 301 30 50 


16 
50 
4 


17 
50 
10 


18 
50 
20 


100 100 100 


50 


50 


THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
214 169 190 
214 169 190 


LIFO  LISTTALLY 46 87 148 
FUNCTALLY 46 87 148 
FIFO  LISTTALLY 51 75 96 
FUNCTALLY 48 65 61 
STEEP LISTTALLY 35 53 69 
FUNCTALLY 31 46 50 
ULLMAN LISTTALLY 121 136 246 
FUNCTALLY 58 78 116 


103 
64 
98 
50 
IST 
112 


54 
49 
49 
43 
127 
61 


90 
66 
67 
50 
197 
91 


THE FOLLOWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LCWEST CR SAME NUMBER OF APPLICATICNS 


DURING THE LAST 29 RUNS. 


ORIG FIFO 
LISTTALLY 1 1 
FUNCTALLY 1 1 


22 


SG Ee 
20 
20 


214 
сз 
109 
16 
86 
50 
246 
119 


ULLMAN 


0 
1 


50 


264 
264 
157 

84 
121 

50 
246 
176 


15 
50 
30 
100 
30 


232 
23 2 
14S 
93 
118 
50 
24€ 
165 


20 
50 
30 
100 
50 


304 
304 
215 
108 
131 

50 
246 
186 


STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 

THE NONLINEAR OPTIMIZING FUNCTION WAS USED 

RUN 1 2 3 4 5 6 1 8 S I9 

NMNODE 10 10 10 10 10 10 10 10 10 10 

MAXCON 2 4 10 20 30 2 4 10 20 30 

MALGTH 100 100 100 100 100 100 100 100 100 100 

MAXLVL 10 10 10 10 10 20 20 20 20 20 

THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 

LIFO LISTTALLY ll 24 27 26 42 19 27 39 40 39 
FUNCTALLY 11 24 27 26 42 19 21 39 40 39 

FIFO LISTTALLY 13 20 18 26 46 17 22 31 44 36 


FUNCTALLY ο ο πο 15 σα τι 15 20 ει 22 
STEEP LISTTALLY 14 20 20 22 39 15 30 31 40 33 
FUNCTALLY 12 14 15 10 16 11 18 17 5 18 
ULLMAN LISTTALLY 25 зт лб эзуу AO ESA Sie 68 
FUNCTALLY 11 23 19 26 34 15 23. 32 144. 35 





STATISTICAL SUMMARY 


STARTSEEC FCR THIS RUN = 12345618 
THE NONLINEAR GPTIMIZING FUNCTION WAS USED 
RUN li 12 13 14 15 16 17 18 
NMNODE 19 10 10 10 10 10 10 10 
МАХСОМ 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXL VL 20050955030 30 750 50 50 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFC LISTTALLY 24 29 35 46 38 32 40 35 
FUNCTALLY ёт 29 35 46 38 32 40 35 
FIFO LISTTALLY 24 30 39 37 32 20 37 42 
FUNCTALLY 18 I6 18 19 пощи 18 22 
SIEEP LISTTALLY 20 25 24 32 27 21 οἱ 38 
FUNCTALLY 15 17 10 16 17 10 14 1? 
ULLMAN LISTTALLY S 30. 8 с ΠΤ 28 зт з 
FUNCTALLY 22 28 ον οτι εν 2272 23 30 
THE FOLLOWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USEC THE 
LCWEST OR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 
ORIG FIFO STEEP ULLMAN 
LISTTALLY 2 5 11 4 
FUNCTALLY 1 2 14 1 


SL 


1S 
10 
20 
100 
30 


JE 
3° 


E 


aa 


18 
42 
25 
4 € 
33 


20 
10 
30 
100 
50 


48 
48 
51 
16 
39 
20 
31 
48 





STATISTICAL SUMMARY 


STARTSEEO FOR THIS RUN = 12345678 
THE NONLINEAR OPTIMIZING FUNCTION WAS USED 
RUN 1 2 3 4 5 6 7 8 
NMNODE 207 20 20 20 20 20 20 20 
MAXCON 2 & 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 10 10 10 10 10 20 20 20 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY о οἱ νόσου 1 36 (2 
FUNCTALLY 2 27 39 δι 66 οἱ 36 72 
FIFO LISTTALLY 17 23 46 48 61 23 37 4? 


FUNCTALLY 16 20 51 35 36 20 29 30 
STEEP LISTTALLY 17 21 43 Al 52 29 31 43 
FUNCTALLY ιο 16 26 21 28 23724. 21 
ULLMAN LISTTALLY 40 46 39 58 58 52 58 77 
FUNCTALLY 15 29 37 41 60 30 32 50 


58 


° 
20 
20 

106 
20 


101 
101 
δέ 
43 
61 
24 
44 
13 


10 
20 
30 
100 
20 


89 
89 
70 
37 
73 
32 
77 
73 





STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 
THE NONLINEAR OPTIMIZING FUNCTICN WAS USED 
RUN ll 12 13 14 15 16 17 18 
NMNODE 20 20 26 20 20 20 20 20 
MAXCCN 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 30 30 30 30 30 50 50 50 
THE FOLLCWING NUMBERS ARE TFE COUNTER CONTENTS. 
LIFO LISTTALLY 49 59 88 74 119 60 64 72 
FUNCTALLY 49 59 88 74119 60 64 72 
FIFO LISTTALLY 54 55 57 61 90 47 64 84 
FUNCTALLY 46 34 34 42 46 33 42 40 
STEEP LISTTALLY 43 58 56 68 84 42 60 61 
FUNCTALLY 27 34 34 38 28 25 37 24 
ULLMAN LISTTALLY 73 77 96 96 77 77 96 58 
FUNCTALLY 43 57 67 62 76 44 64 64 
THE FOLLCHING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LGWEST CR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 
ORIG FIFO STEEP ULLMAN 
LISTTALLY 2 6 10 4 
FUNCTALLY 0 3 18 1 


2? 


15 
20 
20 
100 
20 


116 
119 
12 
34 
(1 
21 
11 
$1 


20 
20 
30 
100 
50 


110 
110 
106 
38 
82 
30 
77 
94 





STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345678 
THE NONLINEAR OPTIMIZING FUNCTION WAS USED 
RUN 1 2 3 4 5 6 T 8 
ММКООЕ зо зо 30 30 30 30 30 30 
MAXCEN 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 100 100 
MAXLVL 10 10 10 10 10 20 20 20 
THE FOLLCWING NUMBERS ARE TFE COUNTER CONTENTS. 
СТЕО LISTTALLY 19 49 51 81 87 33 52 66 
FUNCTALLY 19 49 51 81 87 33 #52 66 
FIFO LISTTALLY 19 3f 6f 83 82 31 49 65 


FUNCTALLY 19 33 52 52 56 MO 42 Al 
STEEP LISTTALLY ]9 33 52 Tl Οἱ οὐ ο 
FUNCTALLY 19 27 34 ^43 34 29 38 42 
ULLMAN LISTTALLY 37 10 85 88 88 58 105 88 
FUNCTALLY 19 36 54 85 87 30 48 οὐ 


60 


S 
360 
20 

106 
20 


132 
132 
$9 
25 
87 
45 
146 
91 


10 
30 
30 
100 
20 


137 
137 
108 

63 
104 

42 
117 
109 





STATISTICAL SUMMARY 


STARTSEEC FCR THIS RUN = 12345678 

THE NONLINEAR OPTIMIZING FUNCTION WAS USED 

RUN Jl δε па 15 16 17 18 18 220 

NMNODE ο ο ο ο ου 30 30 3013650 

МАХСОМ 2 4 10 20 30 2 4 10 20 30 

MALGTH 100 100 100 100 100 100 100 100 100 100 

MAXL VL 30 30 30 30 30 50 50 50 5G 50 

THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 

LIFO LISTTALLY 54 90 101 132 116 78 82 120 144 155 
FUNCTALLY 54 90 101 132 116 78 82 120 144 155 

FIFO LISTTALLY 47 61 82 122 109 60 82 99 145 151 


FUNCTALLY 38 43 44 67 63 49 52 52 62 57 
STEEP LISTTALLY 53 64 65 106 95 61 73 96 95 122 
FUNCTALLY 43 38 37 43 42 38 41 44 32 43 
ULLMAN LISTTALLY 70 117 88 117 88 117 117 117 117 117 
FUNCTALLY 37 70 79 115 94 60 85 103 107 143 


THE FCLLCWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LCWEST CR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 


ORIG FIFO STEEP ULLMAN 
LISTTALLY 2 7 11 2 
FUNCTALLY 1 2 19 2 


M 





STATISTICAL SUMMARY . 


STARTSEED FOR THIS RUN = 12345678 

THE NONLINEAR OPTIMIZING FUNCTION WAS USED 

RUN 1 2 3 4 5 6 T 8 S 10 

NMNODE 40 40 40 40 40 40 40 40 40 40 

МАХССМ | 2 4 10 20 30 2 4 10 2G 30 

MALGTH 100 100 100 100 100 100 100 100 10C 100 

MAXLVL 10 10 10 19 10 20 20 20 20 20 

THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 

LIFO LISTTALLY 21 38 82 84125 45 58 88 144 176 
FUNCTALLY 21 38 82 84125 45 58 88 144 176 

ЕТЕО LISTTALLY 21 40 84 86 115 49 63 86 140 137 


FUNCTALLY. 21 38 68 11 72 48 56 61 86 78 
STEEP LISTTALLY 21 232 73 89 οὗ πε 62 85 112 121 
FUNCTALLY 20 37 53 67 49 36 48 58 ОС 58 
ULLMAN LISTTALLY 49. 82 100 157 118 88 109 157 15? 157 
FUNCTALLY 19 35 71 90 111 48 54 90 121 124 


62 


STATISTICAL SUMMARY 


STARTSEED FOR THIS RUN = 12345678 
THE NONLINEAR OPTIMIZING FUNCTION WAS USED 
RUN 11 12 13 1⁄4 15 16 17 18 
NMNODE 40 40 40 40 40 40 40 40 
MAXCON 2 4 10 20 30 2 4 10 
MALGTH 100 100 100 100 100 100 106 100 
MAXLVL 30 30 30 30 30 50 50 50 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 57 74 104 135 193 58 92 139 
FUNCTALLY 57 74 104 135 193 58 92 139 
FIFO LISTTALLY 49 86 105 131 152 55 95 136 
FUNCTALLY 42 67 69 74 74 46 66 72 
STEEP LISTTALLY 53 69 96 120 134 56 92 109 
FUNCTALLY 43 45 49 53 56 49 62 51 
ULLMAN LISTTALLY 91 149 118 157 157 106 157 157 
FUNCTALLY 46 80 95 120 147 56 85 124 
THE FCLLCWING LIST REPRESENTS THE NUMBER 
OF TIMES THE CORRESPONDING METHOD USED THE 
LCWEST OR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 
ORIG FIFO STEEP ULLMAN 
LISTTALLY . 5 4 14 0 
FUNCTALLY 0 e 16 2 


63 


15 
40 
20 
10С 
50 


172 
172 
145 

T2 
158 

55 
151 
176 


20 
40 
30 
100 
50 


185 
185 
145 

73 
141 

22 
157 
140 








STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345618 
THE NONLINEAR OPTIMIZING FUNCTION WAS USED 
RUN 1 2 3 4 5 6 7 
NMNODE 50 50 50 50 50 50 50 
MAXCON 2 4 16 20 30 2 4 
MALGTH 100 100 100 100 100 100 100 
MAXL VL 10 10 10 10 10 20 20 
THE FOLLCKING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 21 35 68 92 145 38 100 
FUNCTALLY 21 35 68 92 145 38 100 
FIFO LISTTALLY 21 32 69 72 113 45 77 
FUNCTALLY 20 30 61 57 73 42 13 
STEEP LISTTALLY 21 35 “69 -83 102 зв 75 
FUNCTALLY 20 34 61 60 54 32 65 
ULLMAN LISTTALLY 69 49 136 139 197 ΤΟ 127 
FUNCTALLY 20@ 30 οὗ δι 115 38 68 


64 


8 
50 
10 

100 
20 


165 
165 
116 

95 
107 

14 
193 
llo 


S 


5C 


20 
106 
20 


τος 
156 
143 
101 
124 

65 
19: 
137 


10 
50 
30 
100 
20 


187 
187 
181 

99 
146 

73 
197 
165 





STATISTICAL SUMMARY 


STARTSEED FCR THIS RUN = 12345618 
THE NONLINEAR OPTIMIZING FUNCTION WAS USED 
RUN 11 12 13 14 15 16 17 
NMNODE 50 50 50 50 50 50 50 
MAXCON 2 4 106 20 2 #4 10 
MALGTH 100 100 100 100 100 100 100 
MAXLVL 30 30 30 30 50 50 50 
THE FOLLCWING NUMBERS ARE THE COUNTER CONTENTS. 
LIFO LISTTALLY 59 90 160 184 78 131 179 
FUNCTALLY 59 90 160 184 78 131 179 
FIFO LISTTALLY 55 85 137 169 89 137 150 
FUNCTALLY 49 72 99 88 77 103 85 
STEEP LISTTALLY 52 74 115 142 63 120 129 
FUNCTALLY 48 56 60 64 53 82 60 
ULLMAN LISTTALLY 106 177 197 197 133 193 197 
FUNCTALLY 51 93 141 166 67 138 141 


THE FOLLCWING LIST REPRESENTS THE NUMBER 

OF TIMES THE CORRESPONDING METHOD USED THE 
LChEST OR SAME NUMBER OF APPLICATIONS 
DURING THE LAST 20 RUNS. 


LISTTALLY 
FUNCTALLY 


ORIG 


FIFO 


3 
4 


65 


ЪШЕЕР 
17 
18 


ULLMAN 
0 
2 


18 
50 
20 
100 
50 


209 
209 
185 

96 
154 

59 
197 
188 


1S 
50 
30 
10C 
30 


194 
194 
174 
83 
146 
57 
197 
16€ 


20 
50 
30 
100 
50 


231 
231 
178 

81 
173 

65 
246 
159 
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ABREVIATIONS AND NAMES 


EXPLANATION OF 


VESTIGATION LIST 
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TO AVOID REPETITION OF THE RANDOM NUMBERS 
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